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Abstract. Consider piecewise linear Lorenz maps on [0, 1] of the following 
form 

f ( ax + 1 — ac x e [0, c) 

Ja,bA x >- | fe( x _ c ) ,6(0,1], 

We prove that f a i c admits an absolutely continuous invariant probability 
measure (acim) fi with respect to the Lebesgue measure if and only if f a j, c (0) < 
/, (, c (l), i.e. ac + (1 — c)b > 1. The acim is unique and ergodic unless f a bc 
is conjugate to a rational rotation. The equivalence between the acim and the 
Lebesgue measure is also fully investigated via the renormalization theory. 



1. Introduction 

Lorenz maps are one-dimensional maps with a single singularity, which arise 
as Poincare return maps for flows on branched manifolds that model the strange 
attractors of Lorenz systems. A Lorenz map on the interval / := [0, 1] is a map 
/:/—>/ such that for some critical point c G (0, 1) we have 

(i) / is continuous and strictly increasing on [0, c) and on (c, 1]; 

(ii) lim xtc f(x) = 1, \im x i c f(x) = 0. 

A Lorenz map / is said to be piecewise linear if it is linear on both intervals [0, c) 
and (c, 1] . Such a map is of the form 

ax + 1 — ac x G [0, c) 
b(x — c) x G (c, 1], 

where a > 0, b > 0, < c < 1, ac < 1 and 6(1 - c) < 1. 

Let fi > 1. The map Tp(x) = fix ( mod 1) is the well known /3-shift related to 
/3-expansion ([25 ). Assume < a < 1. The transformation Tp iCt defined by 

Tp t a(%) = fix + a ( mod 1) 

is a natural generalization of /3-shift. There are many works done on Tg, Q (see 

mH3QIll2Tll23l231l21l2B]). When 1 < & - 2 ' T ^ a is a P iecewise linear Lorenz 
map. In fact, Tp, a = ff),/3,c with c = (1 — a)/ fi. Recently, Dajani et al 5 studied 

another variation Sp >a of /3-shift. For < a < 1 and 1 < (3 < 2, 

fix x g [o, i/fi) 

a(x-l/fi) x G (1//3, 1], 

which is the piecewise linear Lorenz map jp, a ,\l$- 

Lorenz maps arise as return maps to a cross-section of a semi-flow on a two 
dimensional branched manifold (cf. PQ, [T5], [H]). The flow lines starting from c 
never return to I. So usually the map is considered not defined at c (cf. [12]). But 
it is also convenient to regard c as two points c+ and c— , the right and left of c, 
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(1- 1) fa,b,c(x) 



(1. 2) ^(x) 
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so that the Lorenz map is a continuous map defined on the disconnected compact 
space [0, c— ] (J [c+, 1]. Different dynamical aspects of Lorenz maps are studied in 
the literatures such as rotation interval, asymptotic periodicity, topological entropy 
and renormalization etc (see [2], [7], [8], [12] ). In this paper we shall study the 
absolutely continuous invariant probability measures (acim for short) of piecewise 
linear Lorenz maps. The existence of acim and the equivalence of acim with respect 
to the Lebesgue measure are studied. 

The Lebesque measure is clearly quasi invariant under f a ,t,c- Let P a ,b,c be the 
associated Perron-Frobenius operator and let 



Our results are stated in the following two theorems. 

Theorem A. The piecewise linear Lorenz map f a .b,c admits an absolutely contin- 
uous invariant probability measure \x with respect to the Lebesgue measure if and 
only if / Q ,b, c (0) < / 0) &, c (l), i.e. ac + 6(1 — c) > 1. More precisely, 

(1) If ac + 6(1 — c) = 1 and log a/ log b is rational, then there exists positive 
integer n such that f" b c (x) = x for all x € [0, 1]. Consequently, for each 
density g on [0, 1], A n {g) is the density of an invariant measure of f a> b, c - 

(2) If ac + 6(1 — c) = 1 and log a/ log 6 is irrational, then the acim is unique 



and its density is bounded from below and from above by the two constants 



(3) If ac + 6(1 — c) > 1, then the acim is unique and its density is of bounded 
variation. 

(4) If ac + 6(1 — c) < 1, then f a ,b.c admits no acim. 

It is well known to Lasota and Yorke ([H]) that a strongly expanding interval 
map / (i.e. > A > 1 except finite points) admits an acim with respect to 

the Lebesgue measure. It is also known that a piecewise linear Lorenz map with a 
fixed point also admits an acim with respect to the Lebesgue measure (cf. 0(3]). 
These results don't apply to the Lorenz maps defined by ip which, in general, 
are not strongly expanding and admit no fixed point. 

Suppose that f a ,b,c admits a unique acim with respect to the Lebesgue measure. 
If fa,b,c is a homeomorphism (i.e., ac+6(l — c) = 1) with irrational rotation number, 
we shall see from the proof of Theorem A that the acim of f a ,b,c is equivalent to 
the Lebesgue measure. If ac + 6(1 — c) > 1, the acim is not necessarily equivalent 
to the Lebesgue measure, even if f a ,b,c is strongly expanding (i.e. a > 1 and 6 > 1). 
For example, Parry }24j proved that the acim of symmetric piecewise linear Lorenz 
map fa.a.1/2 is not equivalent to the Lebesgue measure if and only if 1 < a < v2- 
We point out that the support of the acim of Tp^ a was studied in [TT1 H6] . 

Assume that ac + 6(1 — c) > 1. As we shall see in Lemma 14.11 the acim of 
fa,b.c is equivalent to the Lebesgue measure if and only if f a .b,c is transitive, i.e. 
U n >o fab JP) IS dense in I for each non-empty open set U C I. In general, the 
transitivity of a Lorenz map is not easy to check. Palmer [2]] studied the transitivity 
of Tp >a by using so-called primary cycle (see also [II]). Alves et al introduced a 
topological invariant to study the transitivity of Tp, a ([3]). The conditions of both 
primary cycle and the topological invariant of Alves et al are difficult to check too. 
We will provide a rather simple criterion of the transitivity for the piecewise linear 
Lorenz maps f a ,b,c with ac + 6(1 — c) > 1. 



A n (h) = -Y,Pa,b. c h, h€L\[0,l)). 
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Let us describe our criterion. Assume ac + 6(1 — c) > 1. Then f a ,b,c admits 
periodic points, because it admits positive topological entropy (0). Let n be the 
minimal period of the periodic points of f a ,b,c- Assume 2 < k < oo. Then f a ,b,c 
admits a unique k— periodic orbit. Let Pl and Pr be adjacent k— periodic points 
such that c e [Pl, Pb}- It can be proved that f£ bc is linear on [Pl, c) and on 
(c, P R ] (Lemma ^BJ). Write 

A := fS, b Jc+), B := fS Ac (c-). 

That k = 2 means / ,6, c has no fixed point, / o ,b, c (0) = A < B = f a ,b,c(X) and 
c e [A, B]. When k=*2, let 



M := min 



-A B-c 



B — c c — A 



Theorem B. Suppose ac + 6(1 — c) > 1. If n = 1, <6en t/ie aczm o/ / a ,fc, c *s 
equivalent to the Lebesgue measure. If 2 < n < oo, tften f/ie acim of f a ,b,c *s 
equivalent to the Lebesgue measure if and only if 

[A, B]\[P L , P a ] # or [A, B] - [P L , P R ]. 

In particular, when k — 2, the acim of f a ,b,c is equivalent to the Lebesgue measure 
if and only if 

ab > 1 + M if M < 1 
a6>2 if M=l. 



See Figure 1 for a piecewise linear map whose acim is not equivalent to the 
Lebesgue measure. 

Parry [21] proved that the acim of f a , a ,i/2 (1 < a < 2) is not equivalent to the 
Lebesgue measure if and only if 1 < a < v2- This may be obtained as a special 
case of Theorem B. 

We shall collect some basic useful facts in §2, including rotation number, Lya- 
punov exponent, Frobenius-Perron operator and renormalization. Theorem A is 
proved in §3 and Theorem B in §4. Densities of some piecewise linear Lorenz maps 
will be presented in §5. 

2. Preliminaries 

In this section, we present some facts concerning the rotation number, Lya- 
punov exponent, Frobenius-Perron operator and the renormalization of Lorenz 
maps, which will be useful later. 

2.1. Rotation number and Lyapunov exponent. 

We denote by e : R ->• S 1 = {z e C : \z\ = 1} the natural covering map 
e(x) — exp(27rix). Let / be a Lorenz map, not necessarily linear. There exists a 
map F : R -> R such that e o F = / o e and F{x + 1) = F{x) + 1. F is called 
a degree one lifting of /. Furthermore, if F(0) — /(0), then there exists a unique 
such lifting (cf. [5]). 

The rotation number of / at x is defined by 

F n (x)-x 
pyx) = limsup . 
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f(0) / 








Figure 1. A piecewise linear Lorenz map with k = 2, and 
[/ 2 (c+), / 2 (c-)] = [/(0), /(l)] C (P L , P R ), whose acim is not 
equivalent to the Lebesgue measure. 



It is known that the set of all rotation numbers p{x) of / is an interval and that this 
interval is reduced to a singleton when / (0) = /(l) ([IZ])- The rotation number is 
tightly relate to the number of returns of x into the interval (c, 1], defined by 



(2. 1) 



i n (x) = #{0<i<n:f(x)e{c, 1]} 



Lemma 2.1. Let f be a Lorenz map (not necessarily piecewise linear). Let F be 
the unique degree one lifting map of f such that F(0) — /(0). Then for any n > 1 
and any x £ [0, 1] we have 

F n (x)=m n (x)+f n (x). 



Proof. The proof of this Lemma would be found in the literatures, we give a proof 
for completeness. We prove it by induction. First note that 



F(x) 



e [o,c) 



F(x) - 1 x E (c, 1] 

which implies the desired equality for n = 1: 

F(x) = l (c . 1} (x) + f(x). 

Suppose now that the equality is true for an arbitrary n. Since F(x + k) = F{x) + k 
for all positive integers k, by the hypothesis of induction we have 

F n+1 (x) = F(F n (x)) = J2 l(c i] (/'(*)) + F(f n {x)). 

i=0 
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According to what we have proved for n = 1, we get F(f n (x)) = l[ Cil )(/ ra (x)) + 
f n+1 (x) so that 

n 

F n+1 (x) = ]T l (c , !](/*(*)) + r +1 W - m n+1 (x) + f n+1 (x). 

i=0 

□ 

Write 

Cf = U r n {c). 

When / = fa.b.c we write C aj b iC := Cf ab c . The Lyapunov exponent of / at x ^ C/ 
is dehned by 

A(/,x) = limsupilog(r) , (x). 

n— >oo ^ 

For piecewise linear Lorenz map f a ,b,ci 
df n fx) 

(2. 2) a ' fc / c = n-m„(*) 6 mn(*) Vx € C a fc c . 

dx 

For any linear Lorenz map such that / Q) b, c (0) = / a ,6,c(l), its rotation number 
and its Lyapunov exponent are determined in the following way. 

Lemma 2.2. Let f a ,b,c be a piecewise linear Lorenz map such that / a ,b, c (0) = 
/a,6,c(l)- Let p be the rotation number of f a ,b,c- Then we have 

F n (x) -x 



(2. 3) lim sup 

n ->°°xe[o,i 
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0. 



n 

The rotational number p is the solution of the equation 

a 1 -"^ = 1. 

The number p is rational if and only if log a/ log b is rational. Furthermore, we 
have 

A(/ aAc ,x) =0 (Vx£C oAc ). 

Proof. The uniform convergence follows from the observation 
F n (0) < F n (x) < F n+1 {0) (Vx e [0, 1]) 
F n (0) 

and the fact that p = lim . 

According to Lemma 12.11 the rotation number p of f a .b,c is nothing but the 
frequency of visits to (c, 1] of any given point of [0, 1]. Since f a ,b.c is piecewise 
linear, for x ^ C a ,b.c we have 

n-1 

(2- 4) (f:, b J(x) = I] fafiMUM) = a- m " (a;) 6 m " (x) 

i=0 

where m n (x) is defined by (|2. It follows that 

Hfabe,x)= lim -\oga n - m ^b m ^ x) =\oga 1 - p b p . 

' ' n— >oo 77, 

Let A = \oga 1 ~ p b p . We will prove a 1 ~ p b p = 1 by showing A = 0, which implies 
that 

= i + log& 

log a — log b 
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So p is rational if and only if log a/ log b is rational. Suppose A > 0. According to 
Lemma I2~T1 (|2. 3p and (|2. 4p . there exists a positive integer N such that 

This and the piecewise linearity of f a ,b,c imply that f^ b c is piecewise expanding. 
However, it is not possible because f^ b c is a homeomorphism. Thus A < 0. In the 
same way, one proves A > by considering f~ bc . Hence we get A = 0. □ 

Lemma 2.3. Let / 0) & jC be a piecewise linear Lorenz map such that / a ,b, c (0) = 
/a,6,c(l)- Let p be the rotation number of f a ,b,c- If P is irrational, then 

(2. 5) \m n {x) - np\ < 4 (Vz G [0, 1], Vn > 1). 

Proof. Since p is irrational, f a .b,c is topologically conjugate to the rigid irrational 
rotation R p , i.e. R p (x) — p + x (cf. [20 , p. 38-39). In other words, there exists a 
continuous strictly increasing function tt on [0, 1] onto [0, 1] such that 

(2. 6) tt o f a b c O 7T _1 = R p . 

Let F, G and G _1 be the degree one lifting map of f a ,b,c, t and 7r _1 respectively. 
The lifted form of (|2~5|) is 

GoFoG^{x) =x + p. 

By induction, we have 

(2.7) Go F n o G- 1 (x) = x + np. 
Write 

\m n {x)-np\ < \m n {x)-F n {x)\+\F n (x)-GoF n {x)\ 

(2.8) + \GoF n (x)-GoF n oG- 1 (x)\ 

+ \GoF n oG- 1 (x)-np\. 

Now we estimate the four terms on the right hand side. Notice first that F, G and 
G~ l are increasing functions on K and that F{x) — x, G{x) — x and G^ 1 (x) — x are 
1-periodic functions on K taking with values in [0, 1]. So when \x — y\ < 1 we have 

(2.9) \F(x)-F(y)\<l, \G(x) - G(y)\ < 1, \G^(x) - G~ l {y)\ < 1. 
According to Lemma 12. II we have the following estimate for the first term: 

\m n (x)-F n (x)\ < 1. 

The fact < G{x) — x < 1 implies immediately an estimate for the second term: 

\F n (x)~GoF n (x)\ < 1. 

Repeating the first inequality in (|2. 91) we get \F n (x) — F n (y)\ < 1 when — y\ < 1. 
This and the fact |G _1 (a;) — jc| < 1 imply an estimate for the third term: 

\GoF n (x)-GoF n oG- 1 (x)\ < 1. 

A direct consequence of (|2. 7p is the following estimate for the fourth term: 

\GoF n oG- 1 (x)-np\ < 1. 

The estimation (|2. 5p is thus proved. □ 
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FIGURE 2. The comparisons between piecewise linear Lorenz maps. 

2.2. Comparison of rotation numbers in different maps. Let f a ,b,c be a 

piecewise linear Lorenz map. If a > 1 and b > 1, it is well known that f a ,b,c is 
expanding and then admits a unique acim. If a < 1 and b < 1, f a ,b,c is contracting 
and then admits no acim. So we may assume that o > 1 > 6 or 6 > 1 > a. In 
these cases, we will compare f a ,b,c with homeomorphic piecewise linear Lorenz maps 
fa ,b,c and fa.ba.c where a = x ~ b ^~ c ) and b = ^-zf- See Figure 2 for the pictures 
of f ao ,b,c and fa.bo.c- More precisely, in the case a > 1 > 6, we compare f a ,b,c with 

J a a; + l-ac ze[0, c) 

^ iUj /aoAcW -| b[x _ c) x£ ( C) 1] 

if /a,fc, c (0) < / a ,6,c(l), and compare f aAc with 

if/a,6,c(0)>/a,6,c(l). 

In the case b > 1 > a, we compare / a , fciC with / a ,h 0jC when / o ,6,c(0) > / a ,h : c(l), 
and compare / a , hiC with / ao ,6, c when / a ,fc, c (0) < / ,6, c (l)- 

Lemma 2.4. Le£ f ao ,b,c a>nd fa,b a ,c be defined as above. We have the following 
conclusions: 

(1) lffa,b,c(0) < /o,6,c(l), then for all x e [0, 1], 
p{fa,b,c,x) < p(f a „,b,c) if a>l>6 

P(.fa.b,c,x) > p(fa,b ,c) if a < 1 < 6. 

(2) J//„,6,c(0) > /a,6,c(l), *ten V of/ X G [0, 1], 

P(fa,b,c,x) > p(.fa„.b,c) if a>l>6 

P(fa.b,c,x) < p(fa.b ,c) if a < 1 < b. 

Proof. Let F be the degree one lifting of f a ,b,c and F be the degree one lifting of 
f a „,b,c- For the case f a ,b.c{°) < fa.bA 1 ) and a > 1 > b, since f a ,b,c( x ) < fa ,b,c{ x ) 
for all x e [0, 1], we have < F (y) for all y e R. It follows that < F"(y) 

for ?/ e K and for every positive integer n. Therefore p(f a ,b,c,x) < p(f a ,b ,c)- The 
other inequalities can be similarly proved. □ 
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2.3. Probenius-Perron operator and invariant density. The Frobenius-Perron 
operator associated with f a ,b,c is defined as follows: for any h G ^(1), 

Pabch[x) = ilh^Mft ( + 1[Q. Ki-c)]W fe f * + &c 



The invariant density /i* of the Frobenius-Perron operator corresponds to an acim 
M of / a ,fc,c, fJi(A) — f A h*dm, where A G $ is a Borel set and m is the Lebesgue 
measure on /. 

Lemma 2.5. Let P be the Frobenius-Perron operator associated with f a .b,c- Then 
we have the following statements: 

(1) If there exists positive integer n > 1 such that f" b c (x) = x for all x G /, 
then for each density g on [0, 1], A n (g) is an invariant density of P a ,b,c- 

(2) If there exists a constant r > such that for all positive integer n, 

rm(A) < m(f-£ c (A)) < m(A)/r, V AeB, 

then f a ,b,c admits a unique acim whose density is bounded by r and 1/r. 

(3) If there exists a positive integer n such that f" b c is strongly expanding, i.e., 
(fab c )'( x ) > A > 1 for all x G I except finite points, then f a ,b,c admits an 
acim whose density is of bounded variation. 

(4) If there exists a positive integer n such that (fabc)'( x ) < A < 1 for all 
x G / except finite points, then f a .b,c admits no acim. 

Proof. The assertions (1) and (4) are obvious. The assertion (3) is a direct con- 
sequence of Lasota and Yorke's Theorem f |18l IT5]V Now we prove (2). The as- 
sumption in this case means that r < P™ hc l < 1/r. So {A n (l)} n >o is weakly 
precompact in L 1 ^). From the weakly compactness of {A n (l)} n >o we can extract 
a subsequence A nk (l) that converges weakly to g and P a ,b.c9 = 9- By the abstract 
ergodic Theorem of Kakutani and Yosida ([H]), A n (l) converges strongly to g. 
This implies that g is an invariant density of P a ,b,c and r < g(x) < 1/r. □ 

In the third case, f a ,b,c is said to be eventually piecewise expanding |14j . 

2.4. Renormalization of Lorenz map. Let f a .b,c be a piecewise linear Lorenz 
map satisfying ac + b(l — c) > 1. The equivalence between the acim of f a ,b,c and 
the Lebesgue measure is a question of transitivity of f a ,b,c (see Lemma 14. One 
can describe the transitivity of f a ,b,c by using the device of renormalization. 

A Lorenz map /:/—>/ is said to be renormalizable if there is a proper subin- 
terval [it, v] which contains the critical point c, and integers £, r > 1 such that the 
map g : [u, v] — > [u, v] defined by 

(2 12) a(x) = { ft{x) X € [W ' C) ' 

( ] 9{X) ~ I f r (x) x G (c, v], 

is itself a Lorenz map on [u, v]. 

A Lorenz map / is said to be expanding if the preimages of the critical point is 
dense in /. The renormalization theory of expanding Lorenz map is well understood 
(see [71 112j). The transitivity of an expanding Lorenz map can be characterized by 
its renormalization. For example, / is transitive if it is not renormalizable ([7])- 

Let / be an expanding Lorenz map. The renormalizability of / is closely related 
to the periodic orbit with minimal period. Denote k the smallest period of the 
periodic points of /. If k = 1 (i.e., / admits a fixed point), we must have /(0) = 
or /(l) = 1 because / is expanding. It follows that / is transitive ([7J). If k = oo, 



Yi-Ming Ding Ai-Hua Fan and Jing-Hu Yu 



i.e. / admits no periodic point, then / is topologically conjugates to an irrational 
rotation on the circle because / is expanding (d2). For the case 1 < n < oo, we 
have the following Lemma. 

Lemma 2.6. ([7 ) Let f : [0, 1] — > [0, 1] be an expanding Lorenz map with 1 < 

K < OO. 

(1) The minimal period of f is equal to K = m + 2, where 

m = min{i>0:/- J (c)e[/(0), /(l)]}. 

(2) / admits a unique n-periodic orbit O. 

(3) Let Pl and Pr be adjacent points in O such that c € [Pl, Pr\- Then f K is 
continuous on [Pl , c) and on (c, Pr] . Moreover, we have 

re-l 

(2. 13) (J f([P L , P R }) = L. 

i=0 

For general expanding Lorenz map /, it is difficult to check wether / is renor- 
malizable or not. However, for piecewise linear Lorenz map f a ,b,c satisfying ac + 
6(1 — c) > 1, one can check the renormalizability easily. According to the proof of 
Theorem A, f a ,b.c is expanding. Denote O as the K-periodic orbit, and 

D ■= (J fJJO). 

n>0 

Lemma 2.7. (A ) Lf D ^ O, then f a ,b,c is not renormalizable. 

3. Existence of absolutely continuous invariant measure 

Now we prove Theorem A by distinguishing four cases: / a .f),c(0) = / a ,6,c(l) and 
log a/ log b is rational, f a ,b,c(°) = /o,6,c(l) and log a/ log b is irrational, / a ,6,c(0) < 
/a,fc,c(l) and f a ,b,c(0) > /a,fc,c(l)- In the first case, we will show that some power of 
f a ,b,c is identity, i.e., there exists n > such that /" 6 c (x) = x for all x € I. In the 
second case we will prove 

rm(A) < m(f-£ c (A)) < m(A)/r, V AeB, 

for some constant r and n > 0. In the third case we will show that some power 
°f fa.b.c is expanding. In the forth case, we will compare f a ,b,c with a suitable 
homeomorphic piecewise linear Lorenz map and prove that some power /" b is 
contracting. 

3.1. Proof of Theorem A when / a ,b,c(0) = / a ,6,c(l) an d loga/log6 is ratio- 
nal. 

According to Lemma 12.51 it suffice to prove the following proposition. 

Proposition 3.1. Suppose f a ,b,c(0) = fa,b.c(X) and loga/log& is rational. Then 
there exists positive integer n such that f" b c (x) — x for all x G I . 

Proof. In this case, f a .b,c can be regarded as a homeomorphism on the unit circle. 

Since log a/ log b is rational, the rotation number of f a ,b,c is also rational (Lemma 
ffi 

12. 2[) . Write p(f a ,b,c) — — with (m, n) — 1. We shall prove that f™ bc (x) — x for 
all x e [0, 1]. 



10 



Acims of picccwisc linear Lorcnz maps 



Tfl 

Since p(f a ,b,c) — — , fa.b.c admits an n— periodic orbit ([!])• Let p\ < pi < ■ ■ ■ < 
p n be an n-periodic orbit. The orbit forms a partition of /: 

[Pi, P2), ■■■ , [Pn-l, Pn), [Pn, 1] U [0,Pl), 

and f a ,b.c maps one subinterval onto the next one in the partition. Each subin- 
terval in the partition contains only one point in C a ^. c - Since p(f a ,b,c) = ~i 

[Pn — m ) Pn— m+1 ) ■ 

If c doesn't belong to the periodic orbit, c € {p n -m, Pn-m+i)- Consider the 
interval [p„_ m , c), it follows that /™ h c is continuous and linear on \p n _ m , c) because 
fa,b,c nas onl y 0ne discontinuity c in [p n _ m ,p n _ m+ i]. Notice that /™ b)C (Pn- m ) = 
p n - m and U r a,b,c)'(P^-m) = 1, we obtain that f* biC (x) = x on [p n _ m ,c), which 
implies that c— is an n-periodic point. So 1 is also an n-periodic point. 

We denote the n-periodic orbit of 1 as < q\ < Q2 < ■ ■ ■ < q n - m -\ < q n - m = 
c < q n - m +i < ••• < Qn = 1- Since f" bc is linear on qi+i), it follows that 
fa,b,c( x ) = x 011 fe. i = 1, 2, . . . , n. So f* biC (x) = x on J. □ 

3.2. Proof of Theorem A when / a ,b, c (0) = / a ,b,c(l) and log a/ log 6 is irra- 
tional. 



In this case, according to Lemma l2.5l we have only to prove the following propo- 
sition. 

Proposition 3.2. Suppose f a ,b,c(0) — fa,b,cO-) and loga/ \ogb is irrational, there 
exists a constant r > such that 

rm(A) < m(f-£ c (A)) < m(A)/r, VA e B. 

Proof. The condition / o fc, c (0) = /a,6,c(l) means c= - — ^. Consider / ai ,6 llC i := 

a — o 

fabc ^ ne hiverse map of f a ,b,c- It is also a piecewise linear Lorenz map such that 
/ai,6i,ci(Q) = /ai,bi,ci(l)- In fact, we have 

, n ^ 1 , 1 (a - 1)6 

(3. 1) oi = -, bx = -, c x = ± 

o a a — b 

Let p := p(/ai,6i,ci) be its rotation number. Write 

m* n {x) = #{0 < i < n : £ 1)6ljCl (s) G (c 1; 1]} . 
By Lemma T2. 21 we have aj _p 6^ = 1. Thus for all x C ai<bltCl , we have 

(Ctucji*) = ar m " ix) bf" (x) 

/h \ m * n i x )- n p /h \ m n( x )- n p 

. -(£ 

According to Lemma |2~B1 |m* (x) — np\ < 4. It follows that for all x C ai ,b 1 , Cl and 
all n > we have 

r < (a M ,J'(x) < 1/r, 

where r = min{6 4 a^ 4 , 6^ af} = min{6 4 a~ 4 , 6~ 4 a 4 }. Consequently, by making a 
change of variables we get 



rm(A) < mifJJA)) = / l^/^^))^ 

lA(y)-(C illC1 ) / (y)dy<m(A)/r. 



□ 
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3.3. Proof of Theorem A when f a .b,c(0) < /a,&, c (l)- 
In this case, we are going to show 

Proposition 3.3. Suppose / Q ,6,c(0) < / a ,fc,c(l)- There exists positive integer n 
such that 

for all x £ I except finite points. 

Proof. The condition / a ,b, c (0) < / a ,f>,c(l) means ac+ (1 — c)b > 1. So we must have 
a > 1 or b > 1. If we have both a > 1 and b > 1. We take n — 1. It remains to 
consider two cases: a > 1 > 6 and 6 > 1 > a. 

First we assume a > 1 > b. Let f ao ,b.c with cto := c - ) < a 5 which is the 

homeomorphism defined by (|2. 10[) fsee Figure 2). We denote by po the rotation 
number of f ao ,b,c- Notice that < po < 1. 

For a; € [0, 1], denote 

n — 1 71 — 1 

m n {x) = l(c, i](f^W), "VW = llC/o.&o.cC 35 ))- 

1=0 i=0 

According to Lemma 12.11 rh n (x)/n converges uniformly to po as n — > oo. So 
converges uniformly to 1 as n — > oo because aj ~ p °b Pa = 1 
(Lemma 12. 3p . Choose a sufficiently small £o > such that 

(l-Po)/2 



(l- £o )(-| >1. 



There exists a positive integer Nq > 1 such that for all x £ [0, l]\C O0l (, )C and 
Vn > JVo, we have 

((CaJ'W)' = al-™^ n b™^ > 1 - s . 
Since f ao ,b,c > fa,b,c{x), by Lemma 12.11 and Lemma 12.41 it is easy to see that 
m n (x) < m n (x) for x $ C*(n) := U"=o(/a~b c ( c ) u fa \.c( c ))- So ' for lar S e n and 



x ^ C*(n), we have 

((/a\c)'W)" = 



> a 



^\ fh n {x)/n 



((/a n o,6,c)'W)' 



1— m rl (x)/n 

a 1 



(l-Po)/2 



(3.2) > (l- eo )^±j >1. 

This implies that for n large we have (/" 6 c )'(x) > 1 for all a: € 7\C*(n). Obviously, 
C*(n) is consists of finite points. So /" 6 is linear with slope greater than 1 on each 
component of J\C*(n). It follows that there exists positive integer n and A > 1 
such that (/™ Ac )'(x) > A > 1 for all a; G i\C*(n). 

The proof for the case 6 > 1 > a is similar. We consider f a .b ,c with &o = 1 1 ^ ac < 
6, which is the homeomorphism defined by (|2. lip . □ 
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3.4. Proof of Theorem A when / a ,6, c (0) > / a ,&, c (l)- 

We finish the proof of Theorem A by showing the following proposition. 

Proposition 3.4. Suppose / Q ,6,c(0) > / a ,f>,c(l)- There exists positive integer n 
such that 

(fZbJ(x) < A < 1 
for all x G I except finite points. 

Proof. The condition / a ,b, c (0) > / a ,6,c(l) means ac + (1 — c)b < 1. So we must have 
a < 1 or b < 1. If we have both a < 1 and b < 1, we take n = 1. It remains to 
consider two cases: a < 1 < b and a > 1 > b. 

First we assume a < 1 < b. Consider / a ,6 , c with bo — \^ > b, which is the 
homeomorphism defined by (|2. ll[) fsee Figure 2). We denote by p\ the rotation 
number of f a ,b a ,c- Obviously, < p\ < 1. 

For x e [0, 1], put 

n — 1 n — 1 

m n {x) = l(c, lK/aAcO)). W„(a;) = ^ l (c , ij (/„, 6o , c (x)). 

According to Lemma 12.11 rh n {x)/n converges uniformly to po as n — > oo. So 
(ji-mBM/n^nl 1 )/™ converges uniformly to 1 as n — > oo because o 1_Pi 6q 1 = 1 
(Xemma l2. 3|) . Choose a sufficiently small £\ > such that 

b \ " /2 



There exists a positive integer N > 1 such that for all x € [0, l]\C a; b 0;C and 
Vro > No, we have 

{{flb J^)) » = a'-^bp^ < 1 + £l . 
Since / a ,b, c < fa,b ,c( x )> by Lemma 12.11 and Lemma 12.41 it is easy to see that 
mn(i) < fh n (x) for x ^ C*(n) := ULo(/olc( c ) u /a"b ,c( c ))- So > for lar S e n and 
x (f: C* (n) , we have 



((/aV)'(z))" = «. 

a 



l\ m„(x)/r. 



' a - 



^\ m„(x)/r. 



((/. n ,6o,c)'(*)) 5 



6 



6 

Pl/2 



(3.3) < (l + £l )(H <L 

This implies that for n large we have (/™ b c )'(x) < 1 for all x G I\C*(n). Since 
/™i is a piecewise contract linear map with at most finite pieces, there exists A < 1 
such that (/™ b c )'(x) < A < 1 for all x € I except at most finite points. 

The proof for the case a > 1 > b is similar. We consider f ao ,b,c with oq = 
i-(i-c)b ^ a ^ yrYuxOi is the homeomorphism defined by (|2. 10)) . □ 
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3.5. Diffeomorphic conjugacy. A partial result of Theorem A may be obtained 
in a different way. If 

(3.4) cy/a + (1 - c)Vb > 1, 

which is stronger than / a .h, c (0) > / a ,&,c(l), it is possible to find some diffeomorphism 
h such that hof a b c o/i _1 is piecewise expanding. We do find such a diffeomorphism 
among the one-parameter group of transformations h s : [0, 1] — > [0, 1] (s £ K.+ ) 
defined by 

h s (x) = ; r— . 

w 1 + (s - l)x 

We can also prove that the above condition Q3. 4[) is actually necessary for the 
existence of such a diffeomorphism h s . This was one starting point of our study on 
acim of piecewise linear Lorenz map. 



4. Equivalence 

Let / :— f a .b,c be a piecewise linear Lorenz map with ac + b(l — c) > 1. The acim 
fi is not necessarily equivalent to the Lebesgue measure m, even if / is strongly 
expanding. Parry |24] proved that the acim of f a , a ,i/2 is n °t equivalent to the 
Lebesgue measure if and only if 1 < a < \f2. We first show that the equivalence 
between its acim and the Lebesgue measure is nothing but the transitivity of /. 

4.1. Equivalence and transitivity. 

Lemma 4.1. Let f := f a ,b.c be a piecewise linear Lorenz map with ac + b(l — c) > 
1. Then the acim of f is equivalent to the Lebesgue measure if and only if f is 
transitive. 

Proof. Let h be the density of the acim [i, i.e. 

(4. 1) fi(A) = [ h{x)dx, VA £ a, 

J A 

and let supp (//) be the support of \x. Obviously, supp(/^i) is an invariant closed set 
of/. 

The measure /i is equivalent to the Lebesgue measure m if and only if supp(/i) = 
/. In fact, supp(/i) = / means h(x) > for m-a.e. x £ I. By (|4. ip . n{A) = 
implies m{A) = 0. 

Now we show that supp(/i) = / if and only if / is transitive. At first, it is easy 
to see the non transitivity of / implies I\supp (^) is nonempty. On the other hand, 
notice that supp(/i) contains some interval J because h is of bounded variation. So, 
the transitivity of / implies 



n=0 

□ 

Now we are going to discuss the transitivity of piecewise linear Lorenz maps by 
using the renormalization theory of expanding Lorenz map (cf. [71 112]). 
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4.2. Proof of Theorem B. 

Let / := f a ,b.c be a piecewise linear Lorenz map with ac + 6(1 — c) > 1, k be the 
minimal period. 

If k = 1, then / is not renormalizable ([7]), which implies that / is transitive. 

In what follows we assume n > 1. Let O be the unique K-periodic orbit, and Pl 
and Pr be adjacent k— periodic points so that [Pl, Pr] contains the critical point 
c. By Lemma \2.Gl f K is continuous and linear on [Pl, c) and on (c, Pr]. Put 

A:=r(c+), B:=r(c-). 

We discuss the transitivity of / by distinguish the following three cases: 

(1) [A, B]\[P L , Pr]^®; 

(2) [A, B] = [P L , Pr]; 

(3) [A, B] C [P Li Pr ]. 



Case (1). In this case, we have D := [J n>0 f n (0) ^ O. It follows from Lemma 
12.71 that / is not renormalizable. So / is transitive. 

If [A, B] C [P L , Pr] , f admits a renormalization 

r (x) x e [A, e) 



Rf(x) 



f K (x) x € (c, B] 



Case (2). In this case, Rf is not renormalizable because it admits fixed point. 
So Rf is a transitive Lorenz map on [Pl , Pr] ■ By equation (12. 131) in Lemma 12.61 
/ is also transitive. 

Case (3). In this case, we have Pl < A or B < Pr. Assume that Pl < A. Since 
[A, B] C [P L , Pr], it follows (P L , A)f] (U„>o/"([A #])) = 0, which indicates / 
is not transitive. Similarly, B < Pr implies / is not transitive. 

Now we consider the special case n = 2. According to Lemma |2"1)I k = 2 implies 
/ admits no fixed point, A = /(0) = 1 - ac < 6(1 - c) = f(l) = B and c G [A, B], 

A simple computation shows 

a 2 x + (l-ac)(a + l) if x £ [0, ac + c ~ 1 ], 

abx- abc + b-bc if a; € ( oc+ a c ~ 1 ,c] i 

abx — abc — ac+1 if a; G (c, 

b 2 x-b 2 c-bc if 16(^,1]. 

It follows that the map / admits two 2-periodic points: 



/ 2 W 



a6c + be — b abc + ac — 1 

a& — 1 ' '' a6 — 1 



So, [^4, _B] C [P L , Pr] is equivalent to 



abc + be — b , _ a6c + ac — 1 

A > and B < 



b-1 ab - 1 



or equivalcntly 



B-c , , c-A 

ao < 1 H and ab < 1 



Recall M := mm |f^f, We have [A, B] g [P L , Pr] if and only if 



1< ab < 1 + M if M < 1 
1 < ab < 2 if M = 1. 
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In other words, / is transitive if and only if 

f ab > 1 + M if M < 1 
\ ab > 2 if M = 1. 



5. The densities of the acims 

We finish the paper by pointing out how to obtain the density of the acim in 
some special cases. 

5.1. /3-transformation. 

The first case is the special Lorenz maps f a , a ,c (a > 1). It was known that 
they admit their acims (see also Theorem A) . Gelfond JTU] and Parry [22l [23] had 
determined the density of the acim of f a . a . c , which is up to a multiplicative constant 
equal to 

E ^- E ^ 

/£ o ,e(0)<a: /a"„,c(l)>^ 

Suppose that the acim of / 0i b )C exists but is not equivalent to the Lebesgue mea- 
sure. From the proof of Theorem B (see Section 3) we have seen that the restriction 
°f fab c on [fa b c ( c +)' fa b c( c ~ )L where K is the minimal period of periodic points 
of f a ,b,c, is a piecewise Linear Lorenz map of the form f a ,,a,,c, on the renormaliza- 
tion interval [/* b c (c+), 6 c (c— )]. Thus, we can obtain the density <7*(x) of the 
acim of f a ,,a.+ ,c t by using (|5. ip . Then we get the density of the acim of f a ,b,c- 

(5. 2) 9a,bA x ) = - 9*(x) + Pa,b, c g*{x) H h Pa^ c 9*i x ) 

where P a ,b,c is the Frobenius-Perron operator associated to f a ,b,c- Actually we can 
easily check that 

PaAc9*{x) = 9*{x). 

5.2. Piecewise linear Markov map. 

The second case is f/3. a ,i/p {P > 1,0 < a < g^i), which is the piecewise linear 
Lorenz map Sp t a studied by Dajani et al in 5 . Remember that Sp^ a is defined 
by equation (|1. 2[) , and we only assume /3 > 1 rather than 1 < fj < 2 in [5]. If 
a = flfc-i^-i) f° r some integer fc > 1, then fp t0li ijp is a piecewise linear Markov 
map. 

Proposition 5.1. Assume > 1 and a = | gfc-i(^_ 1 ) / or some integer k > 1. T/ien 
i/ie density of the acim of f/3 jat i/@ is up to a multiplicative constant equal to 

1 fc 



Proof. Let C be the partition of [0, 1] given by < p- k < p-^-V < ... < (3- 2 < 
P^ 1 < 1. One can easily check that fp a ,i//3 is a piecewise linear Markov map with 
respect to the partition C. Let P be the Perron-Frobenius operator of fp, a ,i/f3 (see 
Section 2.3). 
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Note that 

Pl(x) = ~l[o, i](.T) + (/3-l)/3^ 1 l [0 ,^ fc] (x) 
Pl[o, /3-i]0) = -gl[o, i](^)- 

We obtain 

1 fc 

" i=l 

1 k 1 

= /?(/? _ ^ 1[0, !](«)+ ^Ip, 0^]W+I]^" 2 1[O, /9-(*-D](^) + ^l[0, 



1 

— -1 [0 , 1 ](x)+^^- 1 l [0i p-i^x) 

1=1 



□ 



The special map of the form fx,n,i-l/n ( n ^ 2 being an integer) is also a piecewise 
linear Markov map. It was proved in [3] that its density is equal to 



2 " _1 



?n(z) = — — - V lr± n(a;). 
n + 1 ■? 1 » ' J 



4=0 
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